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of Facu
osting by EAbstract Architectural designers frequently use glass plates that have shapes other than rectangu-
lar in both residential and commercial buildings. Commonly, one sees glass plates with trapezoidal,
triangular, hexagonal, and circular shapes. For example; window glass in aircraft control tower cabs
leans outward to enable ground controllers to have a good view of operations. Consequently, air-
craft control tower cabs have glass plates that have trapezoidal shapes. This paper deals with the
structural behavior of glass plates other than rectangular shapes. A higher order ﬁnite element
model based upon Mindlin plate theory was employed to analyze different shapes of glass plates.
First, a comparison between experimental and ﬁnite element results for a tested trapezoidal glass
plate is presented, which shows a very good agreement. Then, the ﬁnite element model was used
to compare load-induced stresses with those for bounding rectangular shapes. Results of analysis
are presented and discussed.
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lsevier1. Introduction
Designers of architectural glazing use nonrectangular glass
plates, and therefore considerable interest has been generated
within the glazing design community. Architects and engineers
are encountering difﬁculty with glass design processes for
shapes other than rectangular. This difﬁculty arises from two
reasons: (a) an inability to perform nonlinear analysis on glass
plates with large deﬂection and (b) an inability to perform fail-
ure predication analysis. A thin glass plate might undergo
deﬂection up to 10 times its thickness before fracture. Of
course the linear plate theory is no longer applicable to this
analysis because of the development of membrane stresses in
addition to bending stresses. Many researchers have contrib-
uted to nonlinear analysis of glass plates. The research is
classiﬁed into two categories, theoretical investigations and
340 M.M. El-Shami et al.experimental testing. The Glass Research and Testing Labora-
tory (GRTL) at Texas Tech University (TTU) has made sub-
stantial contributions to this subject.
Kaiser [7] solved a square plate using a ﬁnite difference
technique. His model was limited to a maximum lateral dis-
placement of 2.5 times the plate thickness. Levy [8] conducted
a formulation for nonlinear analysis of simply supported plates
with zero in plane reaction at the edge, which is not suitable for
glass plates. Pilkington [11] compared monolithic glass
strength to the strength of laminated glass (LG) plate speci-
mens made with sheet and ﬂoat glass. This comparison was
for rectangular shapes only. Beason [2] presented an analytical
model using von Karman [15] equations and Galerkin method
technique to calculate the strength of glass plates. Vallabhan
[12] actually formulated the model and developed a ﬁnite dif-
ference model for rectangular glass plates which is relatively
efﬁcient when compared to that of previous investigators.
Vallabhan et al. [13] developed a mathematical model for
LG plates based on the ﬁnite difference method. The compar-
ison of results with the experimental ones was fairly good, but
the mathematical model needed improvement. El-Shami et al.
[6] developed a new ﬁnite element model for nonlinear analysis
of monolithic rectangular glass plates that is capable of han-
dling thin or thick plates. Norville et al. [9] presented a discus-
sion concerning the behavior and strength of LG beams. TheyN
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Figure 1 Boundary conditions for inclined side.
Figure 2 Test salso observed that monolithic glass having the same thickness
as LG does not necessarily provide an upper bound for LG
strength. Vallabhan and El-Shami [14] improved the model
of El-Shami et al. [6] to handle shapes other than rectangular,
especially trapezoidal glass plates. Recently, El-Shami and
Norville [5] developed a sophisticated ﬁnite element model
for LG plates.
In this paper, nonlinear ﬁnite element models (FEM) are
employed for both monolithic and laminated glass (LG) plates.
Experimental results of tests which were conducted at the
Glass Research and Testing Laboratory (GRTL) at Texas
Tech University for monolithic and LG trapezoidal glass
plates are compared with the FEM results. Then the FEM is
applied for glass plates with triangular, hexagonal and circular
shapes. Finally the results are discussed and the conclusion is
drawn.
2. Finite element model
Since lateral deﬂections of the panels are large compared to
their thickness, nonlinear plate theory is necessary in the anal-
ysis. The analysis is based upon Mindlin plate theory using von
Karman’s [15] assumption. The ﬁnite element models for
monolithic and LG plates have been mentioned in the previous
publications [5,6,14]; however, they are listed here for com-
pleteness only. For a monolithic plate, the element has 9 nodes
with 5 degrees of freedom for each node. The displacements
and rotations are:
u ¼
X9
i¼1
Niðn; gÞui; v ¼
X9
i¼1
Niðn; gÞvi; w ¼
X9
i¼1
Niðn; gÞwi
hx ¼
X9
i¼1
Niðn; gÞhxi; hy ¼
X9
i¼1
Niðn; gÞhyi
ð1Þ
where Ni; i ¼ 1; . . . ; 9 are the shape functions [16]. The total
nonlinear stiffness matrix ½Kl is calculated as [3]:
½Kl ¼
Z
V
½BlT½D½B0 þ ½B0T½D½Bl þ ½BlT½D½BldV ð2Þetup facility.
Figure 3 Test chamber.
Structural behavior of architectural glass plates 341where ½Bl denotes the relationship between nonlinear strains
and displacements vector, ½B0 denotes the relationship be-
tween linear strains and displacements vector, and ½D denotes
the elasticity matrix. The ﬁnal stiffness matrix is given as:
½KT ¼ ½K0 þ ½Kl þ ½Kr ð3Þ
where ½K0 and ½Kr are linear stiffness matrix and initial stress
matrix, respectively [16].
For LG, a common thin elastomeric interlayer called poly-
vinyl butyral (PVB) is used to bond two or more thin glass
plates to form a composite. The effect of the interlayer mate-
rial is taken as shear strain. The element here is the same as
that used in the monolithic plate model; however, there is an
upper plate element and a lower plate element. The two plates
share the same bending displacements, but each plate has its
own membrane displacements. Thus, the total number of de-
grees of freedom will be 7 per node. The stiffness matrix due
to the interlayer material [5] is given as:
½KINT ¼ GINT
h
½Bt½I½Bdxdy ð4Þ
where ½B denotes the relationship between the shear strain and
the displacement vector, and GINT denotes the modulus of
rigidity for the interlayer. Stiffness matrix for the whole com-
posite is given as [5]:
½KT ¼ ½Kp þ ½KINT ð5Þ
in which, ½Kp is the total stiffness matrix for the upper and
lower plates.
For both FEM models, the methodology consists of tan-
gent element stiffness matrix with an incremental procedure
to analyze the plate. The boundary condition is simply plate
supported at all sides. For inclined sides with angle / (see
Fig. 1) such as trapezoidal and triangular plates, the rotation
normal to the side will be [4]:
ahX þ bhY ¼ hM ð6Þ
where
a ¼ sin/; b ¼ cos/Φ
91.0 in. [2311.4mm] 
106.5 in. [2705.0 mm] 
 83.0 in. 
[2208.0 mm] 
a- Case 1 (Monolithic)
O O
Figure 4 DimensionhX, hY and hM are the rotations about X, Y and M axes,
respectively.
In the penalty approach [3], the total potential energy func-
tion is augmented by the strain energy of a ﬁctitious spring
with a very large spring constant C in the direction of the pre-
scribed displacement. So the total potential energy function
ðPMÞ can be written as:
PM ¼ 1
2
fugt½Kfug þ 1
2
Cr2 þ V ð7Þ
where fug denotes the displacement vector, ½K denotes the
global stiffness matrix, V denotes the potential energy, and r
is the prescribed condition such as:
r ¼ ahX þ bhY  hM  0 ð8Þ
Differentiating PM with respect to both hX and hY, we get the
necessary coefﬁcients of the global stiffness matrix at the pre-
scribed node i. The only change in the global stiffness matrix
will be with the terms associated with hX and hY as following:Φ
80.0 in. [2032.0 mm] 
89.0 in. [2261.0 mm] 
 89.0 in. 
[2261.0 mm] 
b- Case 2 (Laminated)
O O’ ’ 
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Figure 5 Maximum lateral displacements versus pressure.
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Figure 6 Maximum tensile principal stresses (trapezoidal shape) (stress contours in MPa; dimensions on axes in mm).
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where 5i 4 and 5i are the order of hX and hY associated with
node i.
3. Experimental and numerical examples
The GRTL staff at Texas Tech University developed the
testing facilities which were used to test 34 specimens. All thespecimens were supplied by the Federal Aviation Administra-
tion (FAA). Test series FAA 1 (Case 1) consisted of 13 mono-
lithic annealed insulated glazed (IG) units that had undergone
approximately 21 years of in-service life. Test series FAA 2
(Case 2) consisted of LG units that had undergone in-service
life of less than 6 months. Both of the two series samples were
used as large trapezoidal window glass at aircraft control tow-
ers in the United States. The testing facility and testing proce-
dure used in this research were similar to those used in
previous GRTL studies which include a test chamber and sup-
port structure, a vacuum accumulation system, and a data col-
lection system (see Fig. 2). Two different test chambers,
designed speciﬁcally for the specimens it would hold (see
Fracture Origin (Inner Plate) 
Fracture Origin (Outer Plate) 
Fracture Origin 
a- Case 1 b- Case 2 
Figure 7 Fracture origins for test specimens.
Figure 8 Fracture pattern for laminated specimen.
Structural behavior of architectural glass plates 343Fig. 3). Steel channels with 152 mm depth were welded to-
gether to form the support of the specimen. These channels
in turn are welded to a 12 mm base plate. To simulate the wind
pressure on the experimental a vacuum machine was used to
exhaust the air from inside the chamber. This machine consists
of vacuum tanks, and a control panel which contains a valve
system and the vacuum supply as seen in Fig. 2.
Themodels of the glazing systemdescribed earlier are used to
analyze several examples. The following data were employed:Modulus of elasticity for glass, E 107 psi (68.9 GPa)
Shear modulus for PVB 145 psi (1 MPa)
Thickness of monolithic plate 3/8 in. (10 mm)
Thickness of LG plate 1.5 in. (38 mm)
Interlayer thickness (PVB) 0.09 in. (2.29 mm)
Poisson’s ratio, m 0.22
Design load for monolithic plate 0.293 psi (2.02 kPa)
Design load for LG plate 2.21 psi (15.2 kPa)It should be noted that the boundary conditions are simply sup-
ported for all the experimental and numerical examples.
3.1. Example 1
The example involves two typical plates with overall dimension
as shown in Fig. 4. As seen in Fig. 5, the experimental vertical
displacements at the center of the model were compared with
the results of the FEM Case 2. At each point, the experimental
results were repeated several times and one theoretical result
was calculated using FEM for a particular pressure. It can
be seen from Fig. 5 that if the average of the experimental re-
sults is taken, it matches very well with the FEM results.
The resulting stresses in the glass plates are transformed to
obtain principal stresses and are shown in Fig. 6. It should be
noted that the principal stresses are computed only for glass
plate in the tension side of the LG. The maximum values of
tensile principal stresses are 3496 psi (24.1 MPa) and 3477 psi
(23.97 MPa) for monolithic plates and LG plate, respectively,
and located at cornerO. It can be seen from the stress contours
in Fig. 6 that the stresses in the other corners and at the center
are very close to the maximum value at O. The fracture origins
for test specimens and an example of fractured specimen after
the test are shown in Figs. 7 and 8, respectively.
The comparison of fracture origins from experimental data
(Fig. 7) shows an excellent match with locations of the highest
tensile principal stresses, as shown in Fig. 6.
3.2. Example 2
In this example, the FEM was applied to example 1 except that
the angle / is 90, as seen in Fig. 1. Then, the same procedure
was used by moving point O towards point O0 to create two
triangles with angles /= 37.93 and 45 for Case 1 and Case
2, respectively (Fig. 4). Also, the FEM was employed to solve
two hexagonal monolithic and LG plates shown in Fig. 9. The
maximum tensile principal stresses contours are shown in
Figs. 10–12 for rectangular, triangular, and hexagonal shapes,
respectively. The dimensions of the rectangular shape are cho-
sen to bound the other shapes as shown in Fig. 4. Due to
344 M.M. El-Shami et al.symmetry, only one-quarter of the plate is presented in both
rectangular and hexagonal shapes. The maximum values of
principal stresses for rectangular shape are 3110.0 psi
(21.44 MPa) and 3494.0 psi (24.1 MPa) for monolithic and
LG plates, respectively, as shown in Fig. 10. The location of
the highest stresses in monolithic glass plate occurs at the cor-
ner, but for the LG plate it occurs at the center. Fig. 10 shows
that the value at the corner is very close to the highest one for
LG. Previous studies [5,13] have indicated that the maximum
principal stress will be at the corner of rectangular LG plates.
This example shows that the load with respect to the total
thickness is small to produce nonlinearity and as the load is23.95 in. 
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Figure 10 Maximum tensile principal stresses (rectangular shincreasing, the location of the highest stresses will move grad-
ually to the corner of the plate.
In Fig. 11, the maximum values of principal stress for tri-
angular glass plates are 2414.0 psi (16.65 MPa) and
1932.85 psi (13.32 MPa) for monolithic and LG plates, respec-
tively. The locations of maximum principal stresses move to
the center of the plate, as shown in the ﬁgure. For the hexag-
onal shapes, the location of maximum principal stresses are at
the corner A with values of 4756.89 psi (32.8 MPa) and
4020.0 psi (27.72 MPa) for monolithic and LG plates, respec-
tively, as shown in Fig. 12. Tables 1 and 2 summarize the rel-
ative maximum values of principal stress obtained from the 89.0 in. 
[2261.0 mm] 
89.0 in. [2261.0 mm] 
120O
25.69 in. 
[652.5  mm] 
b- Hexagonal (Laminated) 
n of hexagonal shapes.
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Figure 11 Maximum tensile principal stresses (triangular shape) (stress contours in MPa; dimensions on axes in mm).
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Figure 12 Maximum tensile principal stresses (hexagonal shape) (stress contours in MPa; dimensions on axes in mm).
Structural behavior of architectural glass plates 345rectangular, triangular, trapezoidal and hexagonal plates for
monolithic and LG plates. These values are normalized
w.r.t. the maximum principal stress obtained from the rectan-
gular plate.
3.3. Example 3
In this example, a circular plate is considered with the follow-
ing dimensions:
Plate diameter is 2.0 m.
Thickness of PVB interlayer = 0.38 mm.Total thickness of the glass plate = t1 + t2, where
t1 = t2 = 5, 7.5 and 10 mm.
Modulus of elasticity of glass (E) = 68.9 GPa.
Poisson’s ratio of glass = 0.22.
Shear modulus of PVB interlayer (GINT) = 689.5 kPa.
Fig. 13 shows the ﬁnite element mesh used for 1/4 of the
plate. The maximum non-dimensional displacements (w/t) at
the center of the plate are plotted versus pressure in Fig. 14
showing that geometric nonlinearity occurred for LG circular
plates. The ﬁgure also shows that as the thickness of the plate
increased the nonlinearity decreased. This can be attributed to
Table 1 Value of maximum principal stress normalized w.r.t.
that of the rectangular plate for monolithic plates.
Plate shape Max. stress value
Rectangular 1.00
Triangular 0.62
Trapezoidal 1.13
Hexagonal 1.53
Table 2 Value of maximum principal stress normalized w.r.t.
that of the rectangular plate for LG plates.
Plate shape Max. stress value
Rectangular 1.00
Triangular 0.70
Trapezoidal 1.00
Hexagonal 1.15
Figure 13 Finite elements mesh for 1/4 of a circular plate.
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346 M.M. El-Shami et al.the effect of shear deformation on the nonlinear solutions as a
result of using Mindlin plate elements. The maximum principal
stresses along the radius of the plate for both bottom and top
plates are plotted in Figs. 15 and 16, respectively, for thick-
nesses t1 = t2 = 5 mm for several pressures. The pressure val-
ues of load 1 to load 6 are 21.55, 43.1, 64.65, 86.2, 107.75 and
128.1 kPa, respectively. It can be seen, from Fig. 15, that the
maximum principal stresses are changing from tension to com-
pression along the radius of the plate under high pressures
(load 4 to load 6). Meanwhile, the maximum principal stresses
at the top of the plate remain in tension. It can be shown from
these results that nonlinear analysis should be considered in
circular LG plates. The present ﬁnite element model covers
effectively the behavior of circular glass plates with simple for-
mulation for the interlayer material.
For the given examples, the maximum values of (w/t) are
2.5 for example 1 and 6.4, 2.15 and 0.9 for example 2 for
t1 = t2 = 5, 7.5 and 10 mm, respectively. According to
ASTM 1300-09a [1], the corresponding maximum values of
(w/t) for the same thicknesses are 5, 5.5, 4 and 3 for both
examples, which ensures that the results agree with the lim-
itations of ASTM 1300-09a [1] except the ﬁrst value of
example 2. This value (w/t= 6.4) is higher than the limita-
tions with 16% and associated with the smaller thickness
(10 mm). Also, it should be noted that with these high val-
ues of (w/t), the material still behaves within the elastic re-
gion since the glass is brittle material. Table 3 shows the
maximum values of non-dimensional displacements, w/t, ob-
tained from the circular plate, along with the limitations of
ASTM 1300-09a [1].Distance (m)
Figure 15 Maximum principal stresses at the bottom plate.4. Summary and conclusion
High order ﬁnite element computer models have been used to
analyze several examples with trapezoidal, rectangular, trian-
gular, and hexagonal shaped glass plates. Both monolithic
and LG cases were studied. The computed data were com-
pared with the experimental data for trapezoidal shapes. The
following conclusions are drawn from this study:1. The comparison between the results of the ﬁnite element
model and the results of the experiments on both mono-
lithic and LG plates is very good. This demonstrates the
capability of the ﬁnite element model to handle these
problems.
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Figure 16 Maximum principal stresses at the top plate.
Table 3 Comparison between results of the circular plate and
ASTM 1300-09a limitations.
Total thickness of
glass plate (mm)
Maximum
non-dimensional
displacements (w/t)
Limitations of ASTM
10 6.4 5.50
15 2.15 4.00
20 0.9 3.00
Structural behavior of architectural glass plates 3472. In trapezoidal monolithic glass plates, the maximum princi-
pal tensile stress is approximately 13% higher than that in
the bounding rectangular shapes. For LG, the maximum
principal tensile stresses are almost the same in trapezoidal
shapes and their bounding rectangular shapes.
3. For triangular shapes, the values of maximum tensile prin-
cipal stresses are 62% and 70% of rectangular shapes for
monolithic and LG plates, respectively.
4. For hexagonal shapes, the ratios of maximum principal ten-
sile stresses with respect to the bounding rectangle are 1.53
and 1.15 for monolithic and LG plates, respectively.
5. The basis of window glass design is not the maximum prin-
cipal tensile stress, but rather the probability of breakage.
Consequently, to obtain a more complete understanding,
results of the FEM analysis must be coupled with failure
prediction methodology [2,10] to obtain a complete picture.
6. The capability of the present ﬁnite element model to handle
circular LG plates without transformation of axes from
rectangular to polar axes.
7. Circular LG plates are producing geometric nonlinearity
especially for small thickness, and as the thickness increased
the nonlinearity decreased.
8. Under high pressure, the maximum principal stresses are
changing in sign at the compression side of the plate
depending on the load direction. This conclusion is very
important to be considered in the design of such kind of
plates.
9. In order to get good results for nonlinearity in LG plates, a
suitable number of elements should be applied with small
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